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Extreme point methods in the study of isome-
tries on certain non-commutative spaces
Pierre de Jager∗,1 and Jurie Conradie2
Abstract. In this paper we characterize surjective isometries on certain
classes of non-commutative spaces associated with semi-finite von Neu-
mann algebras: the Lorentz spaces Lw,1, as well as the spaces L1 + L∞
and L1 ∩L∞ . The technique used in all three cases relies on character-
izations of the extreme points of the unit balls of these spaces.
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1. Introduction
If T : X → Y is an isometry of the normed space X onto the normed
space Y and x is an extreme point of the closed unit ball of X , T (x) will
be an extreme point of the closed unit ball of Y . This simple observation,
when used in conjunction with characterizations of the extreme points of
unit balls of certain classes of normed spaces, often plays an important role
in determining the structure of isometries of these spaces. This is the case in
the characterization of isometries on the Lorentz spaces Lw,1(0, 1) in [4] and
on L1 ∩ L∞(0,∞) and L1 + L∞(0,∞) in [23]. Our aim in this paper is to
derive characterizations of isometries on the non-commutative analogues of
these spaces. In the case of Lorentz spaces this has been done already in [6]
and [24], but we show that using somewhat different techniques, we can, in
some cases remove the requirements imposed there.
The spaces considered here are examples of non-commutative symmet-
ric spaces and are analogues of classical symmetric function spaces. The non-
commutative spaces consist of closed and densely defined operators on a
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Hilbert space H affiliated with a von Neuman algebra A ⊆ B(H). We will
confine ourselves to the setting where A is semi-finite and equipped with a
distinguished faithful semi-finite normal trace and the operators are measur-
able with respect to this trace (precise definition will be given later). If the
von Neumann algebra is commutative and hence isometrically isomorphic to
an L∞-space over some localizable measure space, one obtains the classical
symmetric function spaces.
In the spaces we will be considering, extreme points of the unit ball are
scalar multiples of partial isometries, and their moduli therefore multiples of
projections. Using the fact that images of extreme points under isometries
are again extreme points, we are able to find images of projections under
isometries. This in turn is useful for showing that, under certain conditions,
isometries are projection disjointness preserving and finiteness preserving.
We can then use results obtained in [13] to obtain structural descriptions of
these isometries.
After a preliminary section on commutative and non-commutative func-
tion spaces, Jordan homomorphisms and extreme points, we consider surjec-
tive isometries between Lorentz spaces associated with semi-finite von Neu-
mann algebras. It is worth mentioning that the characterization of surjective
isometries between quantum Lorentz spaces provided by [6, Theorem 5.1] is
obtained under the assumption that the Lorentz spaces are associated with
von Neumann algebras equipped with finite faithful normal traces and in
[24, p.39] a structural description is given for into and onto isometries be-
tween more general Lorentz spaces but under the additional assumption that
the isometries are positive. The final two sections are devoted to surjective
isometries and positive surjective isometries on non-commutative L1 + L∞
and L1 ∩L∞ spaces, respectively, associated with non-atomic semi-finite von
Neumann algebras (this yields new information even in the commutative set-
ting).
2. Preliminaries
2.1. Function spaces
We start by introducing the classical function spaces on which the non-
commutative spaces considered in this paper are based. In what follows,
(Ω,Σ, µ) will be an arbitrary σ-finite measure space. There are a number
of different types of Lorentz spaces found in the literature (see, for exam-
ple, [1] and [5]). In this paper we restrict our attention to the Lw,1-spaces
defined in terms of a decreasing weight function w : (0,∞) → (0,∞) satis-
fying lim
t→0
w(t) = ∞, lim
t→∞
w(t) = 0,
∫∞
0
w(t) dt = ∞ and
∫ 1
0
w(t) dt = 1. Let
L0∞(Ω) denote the collection of all (equivalence classes of) measurable func-
tions on Ω which are bounded except possibly on a set of finite measure. If
f ∈ L0∞(Ω), then the decreasing rearrangement f
∗ exists (see [1] for the def-
inition and properties of decreasing rearrangements). We put
∥∥f∥∥
Lw,1(Ω)
=
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∫ µ(Ω)
0
f∗(t)w(t) dt, and define the Lorentz function space Lw,1(Ω) as the set
of all f ∈ L0∞(Ω) for which
∥∥f∥∥
Lw,1(Ω)
is finite, and
∥∥·∥∥
Lw,1(Ω)
is then a
norm on Lw,1(Ω). These spaces are sometimes also denoted Λψ(µ), where
ψ(t) :=
∫ t
0
w(t)dt and
∥∥f∥∥
Λψ(µ)
:=
∫ µ(Ω)
0
f∗(t)dψ(t).
The linear spaces L1∩L∞(Ω) = L1(Ω)∩L∞(Ω) and L1+L∞(Ω) = {f ∈
L0∞(Ω) : f = g + h, g ∈ L
1(Ω), h ∈ L∞(Ω)} can be equipped with the norms∥∥f∥∥
L1∩L∞(Ω)
= max {
∥∥f∥∥
1
,
∥∥f∥∥
∞
} and
∥∥f∥∥
L1+L∞(Ω)
= inf {
∥∥g∥∥
1
+
∥∥h∥∥
∞
:
f = g + h, g ∈ L1(Ω), h ∈ L∞(Ω)}, respectively.
2.2. The non-commutative setting
In order to define the non-commutative analogues of these function spaces we
provide some background information regarding von Neumann algebras and
trace-measurable operators. Throughout this paper, unless indicated other-
wise, we will use A ⊆ B(H) and B ⊆ B(K) to denote semi-finite von Neu-
mann algebras, where B(H) and B(K) are the spaces of all bounded linear
operators on the Hilbert spaces H and K, respectively. The identity operator
on a Hilbert space will be denoted by 1. Let τ and ν denote distinguished
faithful normal semi-finite traces on A and B, respectively. We use the phrase,
“(A, τ) is a semi-finite von Neumann algebra” to describe this situation and
will refer to the case where τ(1), ν(1) <∞ as the finite setting.
Let P(A) denote the lattice of projections in A, and P(A)f the sub-
lattice consisting of projections with finite trace. If A does not contain min-
imal projections, then it is called non-atomic. A von Neumann algebra is
called atomic if it contains a set {pλ}λ∈Λ of minimal projections such that∑
pλ = 1, and this happens if and only if it is a product of Type 1 factors
(see [3, p.354]). Two projections p, q ∈ P(A) are equivalent, written p ∼ q, if
there is a v ∈ A such that v∗v = p and vv∗ = q. If p ∼ q, then τ(p) = τ(q).
A projection p ∈ P(A) is called a finite projection if there is no proper sub-
projection of p equivalent to p. Any projection with finite trace is finite, but
the converse need not be true. The set of all finite linear combinations of mu-
tually orthogonal projections in P(A) (alternatively P(A)f ) will be denoted
G(A) (respectively G(A)f ).
Convergence in A with respect to the operator norm topology, the strong
operator topology (SOT) and the weak operator topology (WOT) will be
denoted by
A
→,
SOT
→ and
WOT
→ , respectively. Further details regarding von
Neumann algebras may be found in [27].
A closed operator x with domain D(x) dense in H is affiliated with A
if u∗xu = x for all unitary operators u in the commutant A′ of A. A closed
densely defined self-adjoint operator x with spectral measure ex is affiliated
with A iff ex(B) ∈ P(A) for every Borel subset B of R. For a closed and
densely defined operator x : D(x) → H the projection onto the kernel of x will
be denoted by n(x), the projection onto the closure of the range of x by r(x),
and the support projection 1−n(x) by s(x). It follows that x = r(x)x = xs(x),
and if x = x∗, then r(x) = s(x) and x = s(x)x = xs(x). If x is affiliated with
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A, all three these projections are in A, and r(x) ∼ s(x). A closed, densely
defined operator x affiliated to A is called τ-measurable if there is a sequence
(pn)
∞
n=1 in P(A) such that pn ↑ 1, pn(H) ⊆ D(x) and 1 − pn ∈ P(A)f
for every n. It is known that if x = u|x| is the polar decomposition of x,
then x is τ -measurable if and only if it is affiliated to A and there is a
λ > 0 such that τ(e|x|(λ,∞)) < ∞. The set of all τ -measurable operators
will be denoted by S(A, τ). It becomes a ∗-algebra when sums and products
are defined as the closures of respectively the algebraic sum and algebraic
product. For ǫ, δ > 0, define N(ǫ, δ) := {x ∈ S(A, τ) : τ(e|x|(ǫ,∞)) ≤ δ}. The
collection {N(ǫ, δ) : ǫ, δ > 0} defines a neighbourhood base for a vector space
topology Tm on S(A, τ). This topology is called the measure topology and
with respect to this topology S(A, τ) is a complete metrisable topological
∗-algebra. If x ∈ S(A, τ), then we will write x ≥ 0 if 〈xξ, ξ〉 ≥ 0 for all
ξ in the domain of x (where 〈·, ·〉 denotes the inner product on H), and
we put S(A, τ)+ = {x ∈ S(A, τ) : x ≥ 0}. The cone S(A, τ)+ defines a
partial order on the self-adjoint elements of S(A, τ). If H is any collection
of τ -measurable operators, then we will write Hsa = {x ∈ H : x = x∗}
and H+ = {x ∈ H : x ≥ 0}. Note that A is an absolutely solid subspace of
S(A, τ), i.e. if x ∈ S(A, τ) and y ∈ A with |x| ≤ |y|, then x ∈ A. If (xλ)λ∈Λ
is an increasing net in S(A, τ) and x = sup{xλ : λ ∈ Λ} ∈ S(A, τ), we write
xλ ↑ x. In the case of a decreasing net (xλ)λ∈Λ with infimum 0 we write
xλ ↓ 0. For more information about τ -measurable operators the reader is
referred to [17] and [33].
For x ∈ S(A, τ), the distribution function of |x| is defined as d (|x|) (s) :=
τ
(
e|x|(s,∞)
)
, for s ≥ 0. The singular value function of x, denoted µx, is de-
fined to be the right continuous inverse of the distribution function of |x|,
namely µx(t) = inf{s ≥ 0 : d (|x|) (s) ≤ t} for t ≥ 0. If x, y ∈ S(A, τ), then
we will say that x is submajorized by y and write x ≺≺ y if
∫ t
0
µx(s)ds ≤∫ t
0
µy(s)ds for all t > 0. Using the singular value function, the trace τ can
be extended to an additive, positively homogeneous, unitarily invariant nor-
mal map on S(A, τ)+ by setting τ(x) :=
∫∞
0
µx(t)dt for x ∈ S(A, τ)
+. A
linear subspace E ⊆ S(A, τ), equipped with a norm
∥∥·∥∥
E
, is called a sym-
metric space if E is a Banach space and x ∈ E with
∥∥x∥∥
E
≤
∥∥y∥∥
E
, whenever
y ∈ E and x ∈ S(A, τ) with µx ≤ µy. In this case we also have uxv ∈ E
and that
∥∥uxv∥∥
E
≤
∥∥u∥∥
A
∥∥v∥∥
A
∥∥x∥∥
E
for all x ∈ E, u, v ∈ A. Furthermore,∥∥x∥∥
E
=
∥∥x∗∥∥
E
=
∥∥|x|∥∥
E
for all x ∈ E and
∥∥x∥∥
E
≤
∥∥y∥∥
E
whenever x, y ∈ E
with |x| ≤ |y|. A symmetric space is an absolutely solid subspace of S(A, τ). A
symmetric space E ⊆ S(A, τ) is called strongly symmetric if its norm has the
additional property that
∥∥x∥∥
E
≤
∥∥y∥∥
E
, whenever x, y ∈ E satisfy x ≺≺ y. If
E is a symmetric space and it follows from x ∈ S(A, τ), y ∈ E and x ≺≺ y
that x ∈ E and
∥∥x∥∥
E
≤
∥∥y∥∥
E
, then E is called a fully symmetric space. The
norm
∥∥·∥∥
E
on a symmetric space E is called order continuous if
∥∥xλ∥∥ ↓ 0
whenever xλ ↓ 0 in E. If this is the case, F(τ) := {x ∈ A : s(x) ∈ P(A)f} is
norm dense in E. It can be shown, using the spectral theorem, that for every
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x ∈ F(τ), there is a sequence (xn)
∞
n=1 in G(A)f such that xn
A
→ x and also
xn
E
→ x (see [13, Proposition 2.1]). It follows that G(A)f is dense in E if E
has order continuous norm. Furthermore, for any x ∈ S(A, τ)+, there exists
an increasing net {xλ}λ∈Λ ⊆ F(τ)
+ such that xλ ↑ x (see [17, Proposition
1(vii)]).
The singular value function allows one to define non-commutative ana-
logues of classical function spaces as follows. If A = L∞(0,∞) is the abelian
semi-finite von Neumann algebra of all essentially bounded Lebesgue mea-
surable functions on (0,∞) and the trace τ is given by integration with
respect to Lebesgue measure, then S(A, τ) = L0∞(0,∞) is the space of all
Lebesgue measurable functions on (0,∞) that are bounded except possi-
bly on a set of finite measure. In this case the singular value function µx
corresponds to the decreasing rearrangement f∗ of a measurable function
f . It follows from [29] that if (A, τ) is a semi-finite von Neumann alge-
bra and E(0,∞) ⊆ L0∞(0,∞) is a symmetric space, then the set E(A) :=
{x ∈ S(A, τ) : µx ∈ E(0,∞)} is a symmetric space when equipped with
the norm defined by
∥∥x∥∥
E(A)
=
∥∥µx∥∥E(0,∞), for x ∈ E(A). Similar results
hold for strongly symmetric spaces and fully symmetric spaces (see [17] and
[15], respectively). In particular, we can define the non-commutative spaces
Lw,1(A), L1 ∩ L∞(A) and L1 + L∞(A) in this way. It can be shown (see
[16, p.725]) that L1 ∩ L∞(A) = L1(A) ∩ A, L1 + L∞(A) = L1(A) + A,∥∥x∥∥
L1∩L∞(A)
= max{
∥∥x∥∥
1
,
∥∥x∥∥
A
} and
∥∥x∥∥
L1+L∞(A)
= inf {
∥∥y∥∥
1
+
∥∥z∥∥
∞
:
x = y + z, y ∈ L1(A), z ∈ A}. To simplify notation we will typically denote
the norms of Lw,1(A), L1 ∩ L∞(A) and L1 + L∞(A) by
∥∥·∥∥
w,1
,
∥∥·∥∥
1∩∞
and∥∥·∥∥
1+∞
, respectively. Further information about symmetric spaces may be
found in [17] and [14].
Remark 2.1. If E(0,∞) is a strongly symmetric space, then E(A) has order
continuous norm if E(0,∞) has order continuous norm, by [17, Theorem 54].
Since Lw,1(0,∞) has order continuous norm (see [21, Corollary 1]), it follows
that Lw,1(A) has order continuous norm. Therefore, F(τ) is norm dense in
Lw,1(A), G(A)f is dense in L
w,1(A) and G(A)+f is dense in L
w,1(A)+.
A linear map T : E ⊆ S(A, τ) → F ⊆ S(B, ν) will be called finiteness
preserving if ν(s(T (p))) < ∞ whenever p ∈ P(A)f , and projection disjoint-
ness preserving if T (p)∗T (q) = 0 = T (p)T (q)∗ whenever p, q ∈ P(A)f with
pq = 0. If H ⊆ S(A, τ) and T : H → S(B, ν) is a linear map such that
T (xλ) ↑ T (x) whenever {xλ}λ∈Λ is a net in H
sa such that xλ ↑ x ∈ H
sa,
then T will be called normal (on H).
2.3. Jordan homomorphisms
A linear map Φ : A → B is called a Jordan homomorphism if Φ(yx + xy) =
Φ(y)Φ(x) + Φ(x)Φ(y) for all x, y ∈ A. If, in addition, Φ(x∗) = Φ(x)∗ for all
x ∈ A, then Φ is called a Jordan ∗-homomorphism. Analogously, we can define
Jordan homomorphisms/∗-homomorphisms between sets of trace-measurable
operators and these will play a significant role in global representations of
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isometries. Below we collect some properties of Jordan ∗-isomorphisms (bi-
jective Jordan ∗-homomorphisms) that will be used regularly in the sequel.
Proposition 2.2. [28, Exerciese 10.5.22 and 10.5.31] Suppose Φ : A → B is a
Jordan ∗-isomorphism. Then
1. Φ is an order-isomorphism (and hence normal);
2. Φ maps projections onto projections;
3. Φ is unital;
4. Φ is an isometry.
We will need the following extension results.
Proposition 2.3. [30, Proposition 4.1, p.1068] Suppose (A, τ) and (B, ν) are
semi-finite von Neumann algebras and Φ : A → B is a Jordan ∗-homomorphism.
Then Φ extends uniquely to a continuous (with respect to the measure topolo-
gies) Jordan ∗-homomorphism Φ˜ : S(A, τ) → S(B, ν) if and only if ν ◦ Φ
is ǫ − δ absolutely continuous with respect to τ on P (A) (i.e. for any ǫ > 0
there exists a δ > 0 such that ν(Φ(p)) < ǫ whenever p ∈ P (A) is such that
τ(p) < δ).
Lemma 2.4. Suppose (A, τ) and (B, ν) are semi-finite von Neumann algebras
and Φ : A → B is a Jordan ∗-isomorphism. If ν(Φ(p)) = τ(p) for every
p ∈ P(A)f , then Φ has a unique extension to a Jordan ∗-isomorphism Φ˜
from S(A, τ) onto S(B, ν) and Φ˜ is trace-preserving on S(A, τ).
Proof. It is clear that ν(Φ(x)) = τ(x), whenever x ∈ G(A)f . If x ∈ A
+,
then there exists an increasing net {xλ}λ∈Λ ⊆ G(A)
+
f such that xλ ↑ x.
Since Φ is a Jordan ∗-isomorphism it is an order-isomorphism and hence
normal. Using the normality of τ , ν and Φ, we obtain τ(xλ) ↑ τ(x) and
ν(Φ(xλ)) ↑ ν(Φ(x)) and hence ν(Φ(x)) = τ(x). Since any element in A can
be written as a linear combination of positive elements, we have that Φ is
trace-preserving. Therefore ν ◦ Φ is ǫ− δ absolutely continuous with respect
to τ on P (A). It follows by Proposition 2.3 that Φ extends uniquely to a
continuous (with respect to the measure topologies) Jordan ∗-homomorphism
Φ˜ : S(A, τ) → S(B, ν). Since it is easily checked that Φ−1 is also trace-
preserving, one can similarly extend Φ−1 to a continuous (with respect to
the measure topologies) Jordan ∗-homomorphism Φ˜−1 : S(B, ν) → S(A, τ).
We show that Φ˜ is injective. Suppose x, y ∈ S(A, τ) with Φ˜(x) = Φ˜(y). Using
the density (with respect to the measure topology) of A in S(A, τ) (see [17,
p. 210]), there exist sequences (xn)
∞
n=1, (yn)
∞
n=1 in A such that xn
Tm→ x and
yn
Tm→ y. Therefore Φ(xn) = Φ˜(xn)
Tm→ Φ˜(x) and Φ(yn) = Φ˜(yn)
Tm→ Φ˜(y).
Since Φ˜−1 and Φ−1 agree on B, we have that xn = Φ˜−1(Φ(xn))
Tm→ Φ˜−1(Φ˜(x))
and yn = Φ˜−1(Φ(yn))
Tm→ Φ˜−1(Φ˜(y)) = Φ˜−1(Φ˜(x)). Therefore x = y. Similar
arguments can be used to show that Φ˜ is surjective and Φ˜−1 = Φ˜−1. Since
Φ˜ and Φ˜−1 are positive (see [34, Lemma 3.9]), it is easily verified that Φ˜ is
normal. Furthermore, for any x ∈ S(A, τ)+ there exists an increasing net
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{xλ}λ∈Λ ⊆ F(τ)
+ such that xλ ↑ x and therefore a similar argument can be
used to show that Φ˜ is trace-preserving on S(A, τ). 
2.4. Extreme points
For a normed space E, BE := {x ∈ E :
∥∥x∥∥ ≤ 1} is the unit ball in E and
SE := {x ∈ E :
∥∥x∥∥ = 1} is the unit sphere in E. We wish to obtain charac-
terizations of the extreme points of the unit balls of Lw,1(A), L1+L∞(A) and
L1 ∩L∞(A). When dealing with isometries of L1 ∩L∞(A) and L1 +L∞(A)
our techniques will restrict us to the non-atomic setting. In this setting the
desired characterizations of the extreme points can be deduced from the cor-
responding results in the commutative setting (see [4, Proposition 2.2], [31,
Proposition 2.3] and [22, Corollary 1], respectively) using the following result.
Theorem 2.5. (cf. [7, Theorem 1.1, Corollary 5.18 and the Remark on p.223])
Suppose (A, τ) is a non-atomic semi-finite von Neumann algebra and E(0, τ(1))
is a fully symmetric space. An operator x ∈ SE(A) is an extreme point of
BE(A) if and only if µx ↾(0,τ(1)) is an extreme point of BE(0,τ(1)) and one of
the following conditions holds:
1. lim
t→∞
µx(t) = 0
2. n(x)An(x∗) = {0} and |x| ≥ lim
t→∞
µx(t)s(x).
Remark 2.6. In [10, Theorem 2.2, p.37] it is claimed that the restriction to
non-atomic von Neumann algebras can be removed by embedding an arbi-
trary semi-finite von Neumann algebra into a non-atomic one. The image of
the original algebra in the non-atomic algebra need however not be a non-
atomic subalgebra. The following example shows that Theorem 2.5 may fail if
the original algebra is atomic. Let H = ℓ2(N) = ℓ2 and A = {Mf : f ∈ ℓ∞}.
Then A is isometrically ∗-isomorphic to ℓ∞ and L1(A) is isometrically ∗-
isomorphic to ℓ1. Let (ei,n)
∞
n=1 be the sequence in ℓ
1 defined by ei,n = δi(n).
Then for each i ∈ N, (ei,n)∞n=1 is an extreme point of Bℓ1 (or one could use
[20, Theorem 3] to conclude that the set of extreme points of Bℓ1 is non-
empty). It is however the case that BL1(0,∞) does not have extreme points
(see [20, Remark 1]) and in particular µ(ei,n)∞n=1 = χ[0,1) is not an extreme
point of BL1(0,∞).
In order to characterize the extreme points of the unit ball of Lw,1(A)
and to facilitate the application of Theorem 2.5 we will repeatedly use the
following two lemmas.
Lemma 2.7. If x ∈ S(A, τ) is such that τ(r(x)) <∞ (or equivalently τ(s(x)) <
∞), then there exists a unitary u ∈ A such that x = u|x|.
Proof. We start by noting that since r(x) and s(x) are equivalent projections,
τ(r(x)) = τ(s(x)), and hence τ(r(x)) < ∞ is equivalent to τ(s(x)) < ∞.
Let x = v|x| be the polar decomposition of x. Let p = v∗v and q = vv∗.
Then p ∼ q and hence τ(p) = τ(q) = τ(r(x)) < ∞. Since any projection
with finite trace is finite, p and q are finite projections. By [28, Exercise
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6.9.7(6)], p⊥ ∼ q⊥. We can therefore find a partial isometry w ∈ A such
that w∗w = p⊥ and ww∗ = q⊥. Note that, using [27, Exercise 2.8.45], we
obtain r(w) = q⊥ = r(x)⊥ = r(v)⊥ = n(v∗) and hence v∗w = 0. We can
similarly show that vw∗ = 0 and hence w∗v = 0 = wv∗. Let u = v+w. Then
u∗u = v∗v+ v∗w+w∗v +w∗w = p+ 0+ 0+ p⊥ = 1. Similarly uu∗ = 1, and
hence u is unitary. Furthermore, w|x| = ws(w)r(|x|)|x| = wp⊥p|x| = 0, by
[27, Exercise 2.8.45] and using the facts that r(|x|) = r(x∗) = s(x) = p and
s(w) = p⊥. It follows that u|x| = (v + w)|x| = v|x|+ 0 = x. 
Lemma 2.8. Suppose x ∈ S(A, τ) and β > 0. Then µx = βχ[0,α) if and only
if |x| = βp for some p ∈ P(A) with τ(p) = α.
Proof. If |x| = βp for some p ∈ P(A), then a direct calculation using the def-
inition of the singular value function shows that µx = βχ[0,τ(p)). Conversely,
suppose µx = βχ[0,α). It is easily checked that τ(e
|x|(s,∞)) = α for all s < β.
Using the faithfulness of τ this implies that e|x|(0, s] = 0 for all s < β. Fur-
thermore, e|x|(s,∞) = 0 for all s > β, since
∥∥x∥∥
A
= β. It follows that |x| has
two eigenvalues, namely 0 and β, and therefore |x| = βp for some p ∈ P(A)
and τ(p) = α. 
Using Lemma 2.7 we obtain the following semi-finite extension of [6,
Lemma 2.3].
Lemma 2.9. Suppose E(τ) is a symmetric space and x ∈ BE(τ) is such that
τ(r(x)) < ∞ (or equivalently τ(s(x)) < ∞). Then x is an extreme point of
BE(τ) if and only if |x| is one.
3. Surjective isometries between Lorentz spaces
Throughout this section we will assume that (A, τ) and (B, ν) are semi-finite
von Neumann algebras and that w is a strictly decreasing weight function.
The aim of this section is to characterize surjective isometries from Lw,1(A)
onto Lw,1(B). That w is strictly decreasing will be used in the characterization
of the extreme points of the unit ball of Lw,1(A). Furthermore, it also ensures
that w(t) > 0 for all t ≥ 0 and hence enables one to show that Lw,1(A) has
strictly monotone norm (see [6, p.532], for example). Suppose U : Lw,1(A)→
Lw,1(B) is a surjective isometry. In the finite setting (see [6, Theorem 5.1]) the
representation of U is obtained by using the characterization of the extreme
points of the unit ball of a Lorentz space to show that U(1) = 1ψ(ν(|a|))a for
some partial isometry a ∈ B. One can then find a unitary operator u ∈ B
such that a = u|a|. The most substantial part of the proof involves showing
that the surjective isometry T (x) := u∗U(x) is positive and that |a| = 1. A
structural description of positive surjective isometries between a symmetric
space and fully symmetric space ([6, Theorem 3.1]) is then employed to obtain
the desired representation. Recently it has been shown that [6, Theorem 3.1]
can be extended to the semi-finite setting and that this extension can then be
used to obtain a structural description of projection disjointness and finiteness
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preserving surjective isometries between symmetric spaces associated with
semi-finite von Neumann algebras (see [13, Theorem 5.3]). We will show that
applying the techniques employed in the finite setting to U(p), for each p ∈
P(A)f , (instead of U(1), which need not be defined in the semi-finite setting)
will enable us to show that U is disjointness-preserving in the semi-finite
setting. Furthermore, the characterization of the extreme points of the unit
ball of a Lorentz space will be used to show that U is finiteness-preserving.
This will enable us to use [13, Theorem 5.3] to obtain a preliminary structural
description of the isometry U . Further analysis of this structural description
in the context of Lorentz spaces will yield the desired representation.
We start by extending the characterization of the extreme points of the
unit ball of Lw,1(A) to the semi-finite setting. We need one preliminary result.
By replacing decreasing rearrangements with singular value functions in the
proof of [21, Lemma 3] and restricting to the situation where w is strictly
decreasing and
∫∞
0 w(t)dt = ∞ in [21, Lemma 3], we obtain the following
non-commutative analogue of this result.
Lemma 3.1. Suppose (A, τ) is a semi-finite von Neumann algebra, w : (0,∞)→
(0,∞) is a strictly decreasing weight function and x = αp ∈ SLw,1(A), for
some p ∈ P(A)f and α = 1/
∫ τ(p)
0 w(t)dt. If there exist y, z ∈ SLw,1(A) with
x = 12 (y + z), then µx =
1
2 (µy + µz).
Since we are working with arbitrary semi-finite von Neumann algebras
(not just non-atomic ones), we cannot deduce the structure of extreme points
from the commutative setting (see Remark 2.6). We therefore prove the char-
acterization of the extreme points more directly. Let V(A)f denote the set of
partial isometries v in (A, τ) with τ(|v|) <∞.
Proposition 3.2. Suppose (A, τ) is a semi-finite von Neumann algebra, w is
a strictly decreasing weight function and E = Lw,1(A). Then x is an extreme
point of BE if and only if x =
v
ψ(τ(|v|)) for some v ∈ V(A)f .
Proof. Suppose x = vψ(τ(|v|)) for some v ∈ V(A)f . Then |x| =
p
ψ(τ(p)) for
some p ∈ P(A)f . It follows from Lemma 2.9 that it suffices to show that
|x| is an extreme point. To do so we will use a non-commutative analogue
of the corresponding argument in the proof of [4, Proposition 2.2]. Suppose
|x| = 12 (a + b) for some a, b ∈ BE and let y =
a
2 and z =
b
2 . It follows
from Lemma 3.1 that µy+z = µy + µz . By Lemma 2.8, µx = αχ[0,τ(p)),
where α = 1/ψ(τ(p)). We start by showing that µy and µz are scalar mul-
tiples of χ[0,τ(p)). Note that y, z 6= 0, µy, µz ≥ 0 and µy, µz are decreas-
ing. Therefore µy(0), µz(0) > 0. Furthermore, µx(0) = µy(0) + µz(0) and
so 0 < µy(0), µz(0) < α. Let µy(0) = β. Assume that µy(t) 6= β for some
t ∈ (0, τ(p)). Then µy(t) < β, since µy is decreasing, and so
µz(t) = µx(t)− µy(t) > α− β = µz(0)
This contradicts the fact that µz is decreasing and so µy(t) = β for all
t ∈ [0, τ(p)). Furthermore, observe that if t ≥ τ(p), then µy(t) = µz(t) = 0,
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since 0 ≤ µy(t) + µz(t) = µx(t) = 0. It follows that µy = βχ[0,τ(p)) and
therefore µz = (α−β)χ[0,τ(p)), i.e. µy and µz are scalar multiples of χ[0,τ(p)).
It follows by Lemma 2.8 that |y| = βq and |z| = (α−β)r for some q, r ∈ P(A)f
with τ(q) = τ(p) = τ(r).
Next, we show that q = p = r. Let η ∈ p(H) = 1α |x|(H) and assume
that η /∈ q(H). Then
α
∥∥η∥∥
H
=
∥∥|x|(η)∥∥
H
≤
∥∥y(η)∥∥
H
+
∥∥z(η)∥∥
H
=
∥∥|y|(η)∥∥
H
+
∥∥|z|(η)∥∥
H
= β
∥∥q(η)∥∥
H
+ (α− β)
∥∥r(η)∥∥
H
< β
∥∥η∥∥
H
+ (α− β)
∥∥η∥∥
H
.
This is a contradiction and so η ∈ q(H). Therefore p ≤ q and hence p = q,
using the faithfulness of τ . Similarly p = r.
Let c = yβ and d =
z
α−β . Then c
∗c = q = p and d∗d = r = p and so c
and d are partial isometries, by [28, Proposition 6.1.1]. We show that c = d.
For η ∈ p(H),
α
∥∥η∥∥
H
=
∥∥βc(η) + (α− β)d(η)∥∥
H
≤
∥∥βc(η)∥∥
H
+
∥∥(α − β)d(η)∥∥
H
≤ α
∥∥η∥∥
H
.
Therefore βc(η) = γ(α− β)d(η), for some γ ∈ C. It follows that
α
∥∥η∥∥
H
=
∥∥βc(η) + (α− β)d(η)∥∥
H
= |γ(α− β) + (α− β)|
∥∥η∥∥
H
,
since η ∈ p(H) = ker(d)⊥. Therefore, α = |γ(α − β) + (α − β)|. Since
η ∈ p(H) = ker(d)⊥ = ker(c)⊥ and d(η) = βγ(α−β)c(η), we have that
| βγ(α−β) | = 1, i.e. |γ| =
β
α−β . It is easily checked that 0 < Reγ = |γ| and
so γ = βα−β . It follows that βc(η) =
(
β
α−β
)
(α − β)d(η) = βd(η). Since this
holds for every η ∈ p(H) = ker(d)⊥ = ker(c)⊥ and β 6= 0, we have that c = d.
Using the fact that 12 =
∥∥y∥∥
Lw,1
= βψ(τ(p)) it is then easily checked that
|x| = a = b.
To prove the converse, we demonstrate how the corresponding part of the
proof of [6, Theorem 4.1] can be adapted to the semi-finite setting. Sup-
pose x ∈ SE and let {e(λ)}λ∈R+ be the spectral projection family of |x|, i.e.
e(λ) = e|x|([0, λ]). We start by showing that we can choose λ > 0 such that∥∥2(|x|e(λ) + λe⊥(λ))∥∥
Lw,1
= 1. (3.1)
For λ > 0 fixed, let gλ(t) := t.χ[0,λ] + λ.χ(λ,∞) and f(t) := t. Then gλ(|x|) =
|x|e(λ) + λe⊥(λ). Note that 0 ≤ gn(t) ↑ f(t), for all t ≥ 0. Therefore
gn(|x|) ↑ f(|x|) = |x|. It follows from the order continuity of the norm that∥∥gn(|x|)∥∥w,1 ↑ ∥∥|x|∥∥w,1 = 1 as n → ∞. Furthermore, {g1/n}n∈N is a uni-
formly bounded sequence converging pointwise to zero and so g1/n(|x|)
SOT
→ 0
by [32, Theorem 9.11]. Since {g1/n(|x|)}n∈N is also a decreasing sequence, it
follows that g1/n(|x|) ↓ 0 as n → ∞. Again using the order continuity of
the norm, we obtain
∥∥g1/n(|x|)∥∥w,1 ↓ 0. Similar arguments can then be used
to show that the function ρ : λ 7→
∥∥gλ(|x|)∥∥Lw,1 is continuous from the left
and right at any point λ > 0. It follows from what has been shown above
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that there exist λ1, λ2 > 0 such that ρ(λ1) >
1
2 and p(λ2) <
1
2 . Since ρ is
continuous, there exists a λ > 0 such that ρ(λ) = 12 . Using this λ we obtain∥∥2(|x|e(λ) + λe⊥(λ))∥∥ = 1, as desired.
Fix λ as above and let x1 = 2(|x|e(λ) + λe
⊥(λ)) and x2 = 2(|x| −
1
2x1). Then |x| =
1
2 (x1 + x2) and x2 = 2(|x|e
⊥(λ) − λe⊥(λ)). We show that∥∥x2∥∥w,1 = 1. Let f(t) = (t− λ).χ(λ,∞)(t) and g(t) = t.χ[0,λ](t) + λ.χ(λ,∞)(t).
Then x1 = 2g(|x|) and x2 = 2f(|x|). Furthermore, by [18, Lemma 2.5(iv)],
µf(|x|) = f(µ|x|) and µg(|x|) = g(µ|x|). It follows that µf(|x|)+µg(|x|) = µ|x| =
µg(|x|)+f(|x|) and therefore
∥∥|x|∥∥
w,1
=
∥∥f(|x|)∥∥
w,1
+
∥∥g(|x|)∥∥
w,1
. However,∥∥g(|x|)∥∥
w,1
= 12
∥∥x1∥∥w,1 = 12 , using (3.1), and ∥∥x∥∥w,1 = 1. It follows that∥∥f(|x|)∥∥
w,1
= 12 and hence
∥∥x2∥∥w,1 = 1.
Suppose x is an extreme point of BE and let x = v|x| be the polar
decomposition of x. Then x = 12 (vx1+ vx2) and so x = vx1 = vx2. Note that
v∗v = s(x) = r(|x|) and so
v∗vx1 = r(|x|)x1 = 2r(|x|)
(
|x|e(λ) + λe⊥(λ)
)
= 2
(
|x|e(λ) + λe⊥(λ)
)
= x1
We can similarly show that v∗vx2 = x2. It follows that |x| = v
∗x = x1 =
x2 and therefore |x|e(λ) = x1e(λ) = 2(|x|e(λ) + λe
⊥(λ))e(λ) = 2|x|e(λ).
This implies that |x|e(λ) = 0 and hence |x| = x1 = 2λe
⊥(λ). Using 1 =∫∞
0
µ|x|(t)w(t)dt it is then easily checked that |x| =
1
ψ(τ(p))p, where p =
e⊥(λ). By Lemma 2.7 there exists a unitary operator u such that x = u|x|.
Since up ∈ V(A) and τ(p) = τ(|up|), we have that x = vψ(τ(|v|)) for some
v ∈ V(A) with τ(|v|) <∞. 
Suppose U : Lw,1(A) → Lw,1(B) is a surjective isometry and 0 6= p ∈
P(A)f . Then x =
1
ψ(τ(p))p is an extreme point of the unit ball of L
w,1(A),
by Proposition 3.2. Since U is a surjective isometry, U(x) is also an extreme
point and therefore U(p) can be written in the form αpvp, where vp ∈ V(B)
f
and αp =
ψ(τ(p))
ψ(ν(|vp|))
. By Lemma 2.7, there exists a unitary operator up ∈ B
such that vp = up|vp|. Define Tp : L
w,1(A) → Lw,1(B) by Tp(x) := u
∗
pU(x)
for x ∈ Lw,1(A). It is easily checked that Tp is a surjective isometry.
We wish to show that Tp(pL
w,1(A)p) ⊆ |vp|L
w,1(B)|vp| and Tp(x) ≥ 0
for every x ∈ pLw,1(A)+p. Let 0 6= q ∈ P(A)f with q ≤ p. Since Tp is a
surjective isometry, we have that Tp(q) = βv for some v ∈ V(B)
f , where
β = ψ(τ(q))ψ(ν(|v|)) . Let y = Tp(p + q). Then y = u
∗
pU(p) + Tp(q) = αp|vp| + βv.
It follows that s(y) ≤ s(|vp|) ∨ s(v) = |vp| ∨ |v|. Furthermore, vp, v ∈ V(B)
f
and so ν(|vp|), ν(|v|) < ∞. It follows that |vp| ∨ |v| (and hence s(y)) has
finite trace. By Lemma 2.7 this implies that there exists a unitary operator
w ∈ B such that wy = |y|. By making suitable adjustments to the arguments
employed in the proofs of [6, Lemmas 5.2, 5.3, 5.4 and 5.6] we obtain
• w|vp| = |vp| and wv = |v|;
• |v| ≤ |vp|.
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The interested reader is referred to the first author’s doctoral thesis ([11,
§7.2]) for a detailed verification of these claims.
Lemma 3.3. Tp(pL
w,1(A)p) ⊆ |vp|L
w,1(B)|vp|.
Proof. Since |v| ≤ |vp|, we have |vp||v||vp| = |v| and so |v| ∈ |vp|L
w,1(B)|vp|.
Therefore v ∈ |vp|L
w,1(B)|vp| and so Tp(q) = βv ∈ |vp|L
w,1(B)|vp|. Let Dp :=
{e ∈ P(A)f : e ≤ p} and G
f
p := span (Dp). Since 0 < q ≤ p was arbitrary, we
have that Tp(G
f
p ) ⊆ |vp|L
w,1(B)|vp|. Tp is continuous and it is easily checked
that |vp|L
w,1(B)|vp| is closed in L
w,1(B); therefore, Tp(G
f
p ) ⊆ |vp|L
w,1(B)|vp|.
This completes the proof of the lemma, since one can use the density results
given in Remark 2.1 to show that Gfp = pLw,1(A)p. 
Lemma 3.4. If x ∈ pLw,1(A)+p, then Tp(x) ≥ 0.
Proof. Recall that q ∈ P(A)f with 0 6= q ≤ p and that Tp(q) = βv. Since
v ∈ |vp|L
w,1(B)|vp|, this implies that βv = β|vp|v. Furthermore, w|vp| = |vp|,
wv = |v| and it can be shown (as in the proof of [6, Lemma 5.4]) that w and
|vp| commute. We therefore obtain
Tp(q) = β|vp|v = βw|vp|v = β|vp|wv = β|vp||v|.
Since |v| ≤ |vp|, it follows that |vp||v| = |v| and hence Tp(q) = β|v| ≥ 0. It
is then easily checked that Tp(G
+
p ) ⊆ L
w,1(B)+, since 0 < q ≤ p was arbi-
trary. Furthermore, G+p = pLw,1(A)+p (see Remark 2.1), Tp is continuous and
Lw,1(B)+ is closed (see [17, Corollary 12]). It follows that Tp(pL
w,1(A)+p) =
Tp(G
+
p ) ⊆ Lw,1(B)+. 
The major part of the proof up to this point has been a semi-finite
adaptation of the techniques employed in the proof of [6, Theorem 5.1]. We
show that this groundwork in fact enables us to prove that any surjective
isometry between Lorentz spaces is projection disjointness preserving. We
will need the following easily verified claim.
Lemma 3.5. If 0 6= p, q, e ∈ P(A) and α, β, γ > 0, then αp+ βq = γe if and
only if one of the following conditions holds
1. p = q = e and α+ β = γ or
2. pq = 0, p+ q = e and α = β = γ.
Proposition 3.6. Suppose (A, τ) and (B, ν) are semi-finite von Neumann alge-
bras and w is a strictly decreasing weight function. If U : Lw,1(A)→ Lw,1(B)
is a surjective isometry, then U(p)∗U(q) = 0 = U(p)U(q)∗ whenever p, q ∈
P(A)f are such that pq = 0. Furthermore, αp = αq = αp+q, vp + vq = vp+q
and |vp|+ |vq| = |vp+q|, where vp, vq, vp+q ∈ V(B)
f and αp, αq, αp+q ∈ R are
such that U(p) = αpvp, U(q) = αqvq and U(p+ q) = αp+qvp+q.
Proof. Since p + q = p ∨ q ∈ P(A)f , there exits a partial isometry vp+q ∈
V(B)f such that U(p+ q) = αp+qvp+q. By Lemma 2.7, there exists a unitary
operator up+q ∈ B such that vp+q = up+q|vp+q|. Let u denote up+q and note
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that Tp+q(p) = u
∗U(p) = αpu
∗vp. Furthermore, (u
∗vp)
∗(u∗vp) = v
∗
pvp = |vp|.
It follows by [28, Proposition 6.1.1] that 1αpTp+q(p) is a partial isometry. Since
1
αp
Tp+q(p) ≥ 0, by Lemma 3.4,
1
αp
Tp+q(p) is a projection. We can similarly
show that 1αq Tp+q(q) and
1
αp+q
Tp+q(p + q) are also projections. Therefore,
u∗vp, u
∗vq and u
∗vp+q are all projections. We also have
αpu
∗vp + αqu
∗vq = Tp+q(p) + Tp+q(q) = Tp+q(p+ q) = αp+qu
∗vp+q.
By Lemma 3.5 this implies that
u∗vp = u
∗vq = u
∗vp+q and αp + αq = αp+q or (3.2)
(u∗vp)(u
∗vq) = 0, u
∗vp + u
∗vq = u
∗vp+q and αp = αq = αp+q. (3.3)
If we assume that (3.2) holds, then Tp+q
(
p
αp
)
= u∗vp = u
∗vq = Tp+q
(
q
αp
)
.
Since Tp+q is an isometry and hence injective, it follows that
p
αp
= qαq and
hence p = q. This is a contradiction, since pq = 0 and p, q 6= 0. Therefore
(3.3) holds. Note that v∗qu = (u
∗vq)
∗ = u∗vq, since u
∗vq is a projection.
Similarly, v∗pu = u
∗vp. Therefore (u
∗vp)(v
∗
qu) = (u
∗vp)(u
∗vq) = 0, using (3.3).
It follows that vpv
∗
q = 0. Furthermore, (u
∗vp)(u
∗vq) = 0 implies that v
∗
pvq =
(v∗pu)(u
∗vq) = 0, since uu
∗ = 1 and v∗pu = u
∗vp. Therefore U(p)
∗U(q) = 0 =
U(p)U(q)∗.
Note also that u(u∗vp + u
∗vq) = u(u
∗vp+q), using (3.3). Since u is uni-
tary, it follows that vp + vq = vp+q. Furthermore, v
∗
pvq = 0 = v
∗
qvp and so
|vp+q| = v
∗
p+qvp+q = (vp + vq)
∗(vp + vq) = v
∗
pvp + v
∗
qvq = |vp|+ |vq|. 
We are now in a position to prove the main result of this section.
Theorem 3.7. Suppose (A, τ) and (B, ν) are semi-finite von Neumann al-
gebras and w is a strictly decreasing weight function. If U : Lw,1(A) →
Lw,1(B) is a surjective isometry then there exists a Jordan ∗-isomorphism
Φ : A → B, a unitary u ∈ B and an α > 0 such that U(x) = αuΦ(x) for all
x ∈ A ∩ Lw,1(A) and
ψ(ν(Φ(p))) =
1
α
ψ(τ(p)) ∀p ∈ P(A)f . (3.4)
Conversely, if Φ : A → B is a Jordan ∗-isomorphism, u ∈ B is a unitary and
there exists an α > 0 such that (3.4) holds, then letting U0(x) := αuΦ(x)
for all x ∈ A ∩ Lw,1(A) yields a map which can be extended to a surjective
isometry U : Lw,1(A)→ Lw,1(B).
Proof. Suppose U is a surjective isometry. We have seen that if p ∈ P(A)f ,
then U(p) = αpvp for some vp ∈ V(A)f . It follows that ν(s(U(p))) = ν(|vp|) <
∞ whenever p ∈ P(A)f . If p, q ∈ P(A)f with pq = 0, then U(p)
∗U(q) = 0 =
U(p)U(q)∗, by Proposition 3.6. It follows by [13, Theorem 5.3], that there
exist a Jordan ∗-isomorphism Φ, a unitary operator u ∈ B and a positive
operator b ∈ S(B, ν) such that U(x) = ubΦ(x) for all x ∈ A ∩ Lw,1(A).
In order to show that this structural description can be improved, we
start by showing that if 0 6= p, q ∈ P(A)f are arbitrary projections, then
αp = αq. If q < p, then 0 6= p− q and q(p− q) = 0. It follows by Proposition
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3.6 that αq = αp−q = αq+(p−q) = αp. If p  q and q  p, then let m = p ∨ q.
It follows that p < m, q < m and m ∈ P(A)f . By what has been shown
already this implies that αp = αm = αq. There therefore exists an α ∈ R+
such that U(p) = αvp holds for any 0 6= p ∈ P(A)f .
Next, we show that b = α1. By considering [13, Remark 5.4], we note
that Φ(p) = s(U(p)) for every p ∈ P(A)f and the positive operator b is con-
structed using the spectral projections of the positive operators bp := |U(p)|
(p ∈ P(A)f ) by defining e
b(λ,∞) := SOT lim
p∈P(A)f
ebp(λ,∞) and constructing
a positive operator from the resolution of the identity obtained in this way.
In our present setting we have that
bp = |U(p)| = |αvp| = α|vp| = αs(U(p)) = αΦ(p),
where we have used the fact that αp = α for all p ∈ P(A)f . This implies that
if bp =
∫∞
0 λde
bp(λ) is the spectral representation of bp, then
ebp(λ,∞) =
{
Φ(p) if 0 ≤ λ < α
0 if λ ≥ α
Furthermore, Φ is a Jordan ∗-isomorphism and hence normal and unital. It
follows that SOT lim
p∈P(A)f
Φ(p) = Φ(1) = 1 and so
eb(λ,∞) := SOT lim
p∈P(A)f
ebp(λ,∞) =
{
1 if 0 ≤ λ < α
0 if λ ≥ α
It follows that b =
∫∞
0 λde
b(λ) = α1 and hence U(x) = αuΦ(x) for all
x ∈ A ∩ Lw,1(A). Furthermore, for any p ∈ P(A)f , we have
ψ(τ(p)) =
∥∥p∥∥
Lw,1(A)
=
∥∥U(p)∥∥
Lw,1(B)
=
∥∥αuΦ(p)∥∥
Lw,1(B)
= αψ(ν(Φ(p))).
To prove the converse suppose that Φ : A → B is a Jordan ∗-isomorphism
for which (3.4) holds for some α > 0 and suppose u ∈ B is a unitary oper-
ator. Let U0(x) := αuΦ(x) for all x ∈ A ∩ L
w,1(A). We start by show-
ing that U0 is isometric on G(A)f . Suppose x =
n∑
i=1
αipi ∈ G(A)f , with
|α1| > |α2| > ... > |αn| and pi ∈ P(A)f for every i, with pipj = 0 if i 6= j.
Then |x| =
n∑
i=1
|αi|pi. Furthermore, since pipj = 0 if i 6= j, it is easily checked
that x∗x = xx∗. Note also that |x| can be written in the form |x| =
n∑
j=1
βjqj ,
where q1 ≤ q2 ≤ ... ≤ qn and the qi’s are projections. It is easily checked that
µx = µ|x| =
n∑
j=1
βjµqj and that |Φ(x)| = Φ(|x|) =
n∑
j=1
βjΦ(qj). Since Φ is a
Jordan ∗-isomorphism, Φ is positive and so Φ(q1) ≤ Φ(q2) ≤ ... ≤ Φ(qn). Fur-
thermore, these are all projections and so µΦ(x) = µ|Φ(x)| =
n∑
j=1
βjχ[0,ν(Φ(qj))).
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Therefore∥∥U0(x)∥∥Lw,1(B) = ∥∥αuΦ(x)∥∥Lw,1(B) = α ∫∞0 µΦ(x)(t)w(t)dt
= α
n∑
j=1
βjψ(ν(Φ(qj))) = α
n∑
j=1
βj
α ψ(τ(qj)) =
∫∞
0
µx(t)w(t)dt =
∥∥x∥∥
Lw,1(A)
.
Even though G(A)f is dense in L
w,1(A) (see Remark 2.1), it need not be a
subspace of Lw,1(A) and so care needs to be taken when extending U0. Moti-
vated by this, we show next that U0 is isometric on F(τ). It follows from the
Spectral Theorem that if x ∈ F(τ)sa, then there exists a sequence (xn)
∞
n=1
in G(A)saf such that xn
A
→ x and s(xn) ≤ s(x) for every n ∈ N+. Since Φ is
a Jordan ∗-isomorphism and hence continuous, we have that Φ(xn)
B
→ Φ(x).
If y ∈ Asa, then it is easily checked that Φ(s(y)) = s(Φ(y)), since y com-
mutes with s(y). It follows that s(Φ(xn)) ≤ s(Φ(x)) for every n. Furthermore
τ(s(x)) < ∞ implies that ψ(ν(Φ(s(x)))) = 1αψ(τ(s(x))) < ∞ and there-
fore ν(s(Φ(x))) = ν(Φ(s(x))) <∞. A straightforward calculation then shows
that Φ(xn)
Lw,1
→ Φ(x) and similarly xn
Lw,1
→ x. Since
∥∥Φ(xn)∥∥w,1 = ∥∥xn∥∥w,1
for each n, we have that
∥∥uΦ(x)∥∥
w,1
=
∥∥Φ(x)∥∥
w,1
=
∥∥x∥∥
w,1
.
We have shown that U0 is isometric on F(τ)
sa. It therefore has a
unique isometric extension from Lw,1(A)sa into Lw,1(B), which can be fur-
ther extended to a continuous map U : Lw,1(A) → Lw,1(B), using the fact
that every x ∈ Lw,1(A) has a unique decomposition x = x1 + ix2, with
x1, x2 ∈ L
w,1(A)sa. This map U is in fact an isometry, since it is isometric
on the dense subset G(A)f .
We show that U is surjective. To do so, we will start by showing that
Φ(P(A)f ) = P(B)
f . If p ∈ P(A)f , then Φ(p) ∈ P(B). Furthermore, using
(3.4), we have that ψ(ν(Φ(p))) = 1αψ(τ(p)) <∞ and so Φ(P(A)f ) ⊆ P(B)
f .
Suppose q ∈ P(B)f . Since Φ is a Jordan ∗-isomorphism, Φ−1 is a Jordan ∗-
isomorphism and therefore p = Φ−1(q) is a projection. Since A is semi-finite,
there exists a net {pλ}λ∈Λ in P(A)f such that pλ ↑ p. Therefore Φ(pλ) ↑
Φ(p), since Φ is normal. This implies that ψ(ν(Φ(pλ))) ↑ ψ(ν(Φ(p))) since
ν is normal and ψ is increasing and continuous. We can similarly show that
1
αψ(τ(pλ)) ↑
1
αψ(τ(p)), but ψ(ν(Φ(pλ))) =
1
αψ(τ(pλ)) for all λ and therefore
1
αψ(τ(p)) = ψ(ν(Φ(p))) = ψ(ν(q)) < ∞. It follows that p ∈ P(A)f and
therefore P(B)f ⊆ Φ(P(A)f ).
Since Φ(P(A)f ) = P(B)
f , it follows that Φ(G(A)f ) = G(B)f . Suppose
y ∈ Lw,1(B). Then 1αu
∗y ∈ Lw,1(B). Using the density of G(B)f in L
w,1(B)
we can find a sequence (yn)
∞
n=1 in G(B)f such that yn
Lw,1(B)
→ 1αu
∗y. There
exits a sequence (xn)
∞
n=1 in G(A)f such that Φ(xn) = yn for every n ∈ N
+.
Using the fact that U is isometric on F(τ) and U(xn) = αuΦ(xn) for every
n, one can show that (xn)
∞
n=1 is Cauchy in L
w,1(A). Therefore xn
Lw,1(A)
→ x,
for some x ∈ Lw,1(A). It is easily checked that U(x) = y. 
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In the following remark we show that in the finite setting Theorem 3.7
reduces to [6, Theorem 5.1].
Remark 3.8. Suppose (A, τ) and (B, ν) are von Neumann algebras equipped
with faithful normal finite traces such that τ(1) = 1 = ν(1) and suppose
w : [0, 1] → [0,∞) is a strictly decreasing weight function with ψ(1) =∫ 1
0
w(t)dt = 1. We show that if Φ : A → B is a Jordan ∗-isomorphism,
then condition (3.4) is equivalent to Φ being trace-preserving. It is clear that
if Φ is trace-preserving, then (3.4) holds for α = 1. Suppose (3.4) holds
for some α > 0. In particular, αψ(ν(Φ(1))) = ψ(τ(1)) and therefore α =
ψ(τ(1))
ψ(ν(1)) = 1, since Φ(1) = 1, τ(1) = 1 = ν(1) and ψ(1) = 1. This implies
that ψ(ν(Φ(p))) = ψ(τ(p)) for all p ∈ P(A). Since ψ is strictly increasing
and hence injective, it follows that ν(Φ(p)) = τ(p) for all p ∈ P(A) and,
therefore, Φ is trace-preserving, by Lemma 2.4.
In [24, §6] it is shown that the Lorentz spaces Λpw have strictly log
monotone norm and hence that the structure of a positive surjective isometry
on Λpw(A) follows from [24, Corollary 5.5]. Since Λ
p
w(A) = L
w,1(A) if p = 1,
the result in [24, §6] holds for more general Lorentz spaces, but under the
additional assumption that the isometry is positive. It is worth mentioning
that even though [24, Corollary 5.5] follows from [24, Corollary 5.5], which
does not require positivity of the map, the proof of [24, Corollary 5.5] also
uses [24, Proposition 4.8], which demonstrates how the disjointness preserving
property of a map may be obtained from the positivity of that map.
4. Surjective isometries from L1 + L∞(A) onto L1 + L∞(B)
In this section we show that surjective isometries from L1+L∞(A) onto L1+
L∞(B) can be characterized in terms of a unitary operator u ∈ B and a Jordan
∗-isomorphism Φ˜ from S(A, τ) onto S(B, ν). The key component in describing
the structure of a surjective isometry U : L1 + L∞(A) → L1 + L∞(B) is
showing that U ↾A is an L
∞-isometry from A onto B, whose structure can
therefore be described, using Kadison’s Theorem ([26, Theorem 7]), in terms
of a unitary u ∈ B and a Jordan ∗-isomorphism from A onto B. To show
that U ↾A is an L
∞-isometry from A onto B we will need to show that under
certain conditions the set of extreme points of the unit ball of L1 + L∞(A)
coincides with the set of extreme points of the unit ball of A. We therefore
present the following non-commutative analogue of [25, Theorem 4].
Proposition 4.1. Suppose (A, τ) is a non-atomic semi-finite von Neumann
algebra and let E(0, τ(1)) = L1 + L∞(0, τ(1)). If τ(1) ≤ 1, then BE(A) does
not have any extreme points. If τ(1) > 1, then x ∈ SE(A) is an extreme
point of BE(A) if and only if x is a partial isometry with τ(|x|) = τ(1) and
n(x)An(x∗) = {0}.
Proof. If x ∈ SE(A) is an extreme point of BE(A), then µx ↾(0,τ(1)) is an
extreme point of BE(0,τ(1)), by Theorem 2.5. Since BE(0,τ(1)) does not have
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extreme points if τ(1) ≤ 1 (see [25, Theorem 4]), it follows that BE(A) does
not have extreme points if τ(1) ≤ 1. Suppose τ(1) > 1 and x ∈ SE(A) is an
extreme point of BE(A). Then µx(t) = 1 for all t ∈ (0, τ(1)) using Theorem
2.5 and [25, Theorem 4]. Therefore x = v for some partial isometry v with
τ(|v|) = τ(1) (see Lemma 2.8). If τ(1) = ∞, then lim
t→∞
µx(t) = 1 6= 0 and so
n(x)An(x∗) = {0}, by Theorem 2.5. If 1 < τ(1) < ∞, then s(x) = |v| = 1
(since τ(1 − |v|) = 0 and 1 − |v| ≥ 0) and so n(x)An(x∗) = {0}, since
n(x) = 1− s(x) = 0.
If x is a partial isometry with τ(|x|) = τ(1) and n(x)An(x∗) = {0},
then µx(t) = 1 for all t ∈ (0, τ(1)). It follows by [25, Theorem 4] that µx
is an extreme point of BE(0,τ(1)). If 1 < τ(1) < ∞, then lim
t→∞
µx(t) = 0; if
τ(1) = ∞, then |x| = 1 = µx(∞)s(x) (and, by assumption, n(x)An(x
∗) =
{0}), and so in both cases we are able to apply Theorem 2.5 to conclude that
x is an extreme point of BE(A). 
Remark 4.2. Since the set of extreme points of BL∞(0,α) coincides with the
set of extreme points of BL1+L∞(0,α) for α > 1 (see [25, Theorem 4]), it
follows, using the techniques employed above, that if (A, τ) is a non-atomic
semi-finite von Neumann algebra with τ(1) > 1, then the set of extreme
points of BL∞(A) coincides with the set of extreme points of BL1+L∞(A).
Theorem 4.3. Suppose (A, τ) and (B, ν) are non-atomic semi-finite von Neu-
mann algebras with τ(1), ν(1) > 1. If U : L1 + L∞(A) → L1 + L∞(B)
is a surjective isometry, then there exist a unique trace-preserving Jordan ∗-
isomorphism Φ˜ from S(A, τ) onto S(B, ν) and a unitary operator u = U(1) ∈
B such that U(x) = uΦ˜(x) for all x ∈ L1 + L∞(A). Furthermore, U ↾A is
an L∞-isometry from A onto B and U ↾L1(A) is an L
1-isometry from L1(A)
onto L1(B). Conversely, if Φ˜ : S(A, τ)→ S(B, ν) is a trace-preserving Jordan
∗-isomorphism and u ∈ B is a unitary operator, then letting U(x) = uΦ˜(x)
for x ∈ L1 + L∞(A) yields a surjective isometry from L1 + L∞(A) onto
L1 + L∞(B).
Proof. Let U : L1 + L∞(A) → L1 + L∞(B) be a surjective isometry. We
start by showing that U(A) = B and
∥∥U(x)∥∥
∞
=
∥∥x∥∥
∞
for every x ∈ A.
Suppose x ∈ BA. Then x =
1
2 (v + w) for some v, w ∈ ext (BA), by [8,
Theorem 3]. Since ext (BL∞(A)) = ext (BL1+L∞(A)) (see Remark 4.2) and
U preserves extreme points, we have that U(v), U(w) ∈ ext (BL1+L∞(B)) =
ext (BL∞(B)) and hence U(x) =
1
2 (U(v) + U(w)) ∈ BL∞(B). Since U
−1 is
also an isometry, we have that U(BA) = BB and hence U(A) = B. Suppose
0 6= x ∈ BA. Since U(BA) = BB, we have that
∥∥U ( x∥∥x∥∥
∞
)∥∥
∞
≤ 1 and
therefore
∥∥U(x)∥∥
∞
≤
∥∥x∥∥
∞
. Since we also have that U−1(BB) = BA, we
obtain
∥∥x∥∥
∞
=
∥∥U−1(U(x))∥∥
∞
≤
∥∥U(x)∥∥
∞
.
It follows from [26, Theorem 7] that there exists a Jordan ∗-isomorphism
Φ from A onto B and a unitary operator u = U(1) such that U(x) = uΦ(x)
for every x ∈ A. To show that Φ can be extended to a Jordan ∗-isomorphism
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from S(A, τ) onto S(B, ν) we show that Φ is trace-preserving on projections
with finite trace. Suppose p ∈ P(A)f with τ(p) < 1. Then using the fact that∥∥x∥∥
1+∞
=
∫ 1
0 µx(t)dt (see [17, p.230]), we obtain
τ(p) = min{1, τ(p)} =
∥∥p∥∥
L1+L∞(A)
=
∥∥U(p)∥∥
L1+L∞(ν)
=
∥∥uΦ(p)∥∥
L1+L∞(ν)
=
∥∥Φ(p)∥∥
L1+L∞(ν)
= min{1, ν(Φ(p))}.
Therefore ν(Φ(p)) = τ(p). If p ∈ P(A)f with τ(p) ≥ 1, then using the non-
atomicity of A we can find (pn)
k
n=1 ⊆ P(A)f such that pnpm = 0 if n 6= m,
k∑
n=1
pn = p and τ(pn) < 1 for every n. Therefore
ν(Φ(p)) =
k∑
n=1
ν(Φ(pn)) =
k∑
n=1
τ(pn) = τ(p).
It now follows from Lemma 2.4 that Φ has a unique extension to a Jordan
∗-isomorphism Φ˜ from S(A, τ) onto S(B, ν) and Φ˜ is trace-preserving on
S(A, τ). We show that if x ∈ L1 + L∞(B), then U(x) = uΦ˜(x). Since L1 ∩
L∞(A) is dense in L1(A) and L1(A) is continuously embedded in L1+L∞(A),
we have that L1(A) ⊆ L1 ∩ L∞(A)
L1+L∞
. This implies that A is dense in
L1 + L∞(A) with respect to the L1 + L∞-norm. We can therefore find a
sequence (xn)
∞
n=1 ⊆ A such that xn
L1+L∞
−→ x and hence U(xn)
L1+L∞
−→ U(x).
Using the continuity of the embedding of the L1 + L∞-space into the space
of trace-measurable operators equipped with the measure topology (see [17,
Proposition 20]), it follows that xn
Tm→ x and U(xn)
Tm→ U(x). Therefore
Φ˜(xn)
Tm→ Φ˜(x), by [34, Theorem 3.10] and hence uΦ˜(xn)
Tm→ uΦ˜(x). However,
U(xn) = uΦ˜(xn) for every n and therefore U(x) = uΦ˜(x). To demonstrate
the uniqueness of u and Φ˜, suppose v ∈ B is a unitary and Ψ˜ is a Jordan ∗-
isomorphism from S(A, τ) onto S(B, ν) such that U(x) = vΨ˜(x) for every x ∈
L1+L∞(A). It follows by [34, Lemma 4.2] that Ψ˜(A) ⊆ B and Ψ˜−1(B) ⊆ A.
Therefore Ψ˜ ↾A is a Jordan ∗-isomorphism from A onto B and hence unital.
Since Φ˜ is likewise unital, we have that u = U(1) ˜Φ(1) = U(1) = vΨ˜(1) = v
and therefore for any x ∈ L1 + L∞(A),
Ψ˜(x) = u∗uΨ˜(x) = u∗U(x) = u∗uΦ˜(x) = Φ˜(x).
Since A is dense in S(A, τ) with respect to the measure topology, Φ˜ and Ψ˜
agree on A and both are continuous with respect to the measure topology
(see [34, Theorem 3.10]), we have that Φ˜ = Ψ˜. Finally, the fact that U ↾L1(A)
is an L1-isometry from L1(A) onto L1(B) follows from [35, Theorem 2 and
its Corollary on p.49] (see also [11, Remark 2.2.5]).
Conversely, suppose Φ˜ : S(A, τ)→ S(B, ν) is a trace-preserving Jordan
∗-isomorphism and u ∈ B is a unitary operator. Let U(x) = uΦ˜(x) for x ∈
L1 + L∞(A). Note that Φ˜(A) = B, by applying [34, Lemma 4.2] to Φ˜ and
Φ˜−1. It follows that Φ˜ ↾A is a Jordan ∗-isomorphism fromA onto B and hence
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L∞-isometric. It follows from the fact that Φ˜ (and hence also Φ˜−1) is trace-
preserving that Φ˜L1(A) is an L
1-isometry from L1(A) onto L1(B). It is then
easily checked that Φ˜(L1 + L∞(A)) = L1 + L∞(B) and
∥∥uΦ˜(x)∥∥
L1+L∞(ν)
=∥∥Φ˜(x)∥∥
L1+L∞(ν)
=
∥∥x∥∥
L1+L∞(A)
for every x ∈ L1 + L∞(B). 
Remark 4.4. Suppose (A, τ) and (B, ν) are semi-finite von Neumann alge-
bras. If τ(1A) < ∞, then L
1 + L∞(A) = L1(A). If, in addition τ(1A) ≤ 1,
then it is easily checked that
∥∥x∥∥
1+∞
=
∥∥x∥∥
1
for every x ∈ L1 + L∞(A)
(see [25, p.145] for the proof of the corresponding claim in the commutative
setting). Consequently, if τ(1A), ν(1B) ≤ 1, then surjective isometries from
L1 + L∞(A) onto L1 + L∞(B) are characterized by Yeadon’s Theorem ([35,
Theorem 2]).
If U : L1 + L∞(A) → L1 + L∞(B) is a positive surjective isometry,
then U(1) = 1, since U(1) ≥ 0 and U(1) is unitary by the previous theo-
rem. We therefore obtain the following characterization of positive surjective
isometries from L1 + L∞(A) onto L1 + L∞(B).
Corollary 4.5. Suppose (A, τ) and (B, ν) are non-atomic semi-finite von Neu-
mann algebras with τ(1), ν(1) > 1. Then U : L1 + L∞(A) → L1 + L∞(B)
is a positive surjective isometry if and only if U is the restriction of a trace-
preserving Jordan ∗-isomorphism Φ˜ from S(A, τ) onto S(B, ν).
5. Positive surjective isometries from L1 ∩ L∞(A) onto
L
1 ∩ L∞(B)
It is shown in [23, Theorem 1] that if T is a surjective isometry from L1 ∩
L∞[0,∞) onto itself, then T is of the form (Tf)(t) = r(t)f(σ(t)), where
|r(t)| = 1 for every t ∈ [0,∞) and σ : [0,∞)→ [0,∞) is an invertible measure
preserving transformation. We will show that in the non-commutative setting
positive surjective isometries from L1∩L∞(A) onto L1∩L∞(B) can be char-
acterized as the restrictions of trace-preserving Jordan ∗-isomorphisms. We
will assume throughout this section that, unless stated otherwise, (A, τ) and
(B, ν) are non-atomic semi-finite von Neumann algebras with τ(1), ν(1) ≥ 2.
Since we are, however, not assuming that A = B nor that the identities on
these spaces necessarily have infinite trace, the main result of this section
yields new information even in the commutative setting.
Suppose U is a positive surjective isometry from L1 ∩L∞(A) onto L1 ∩
L∞(B). To show that U has the desired structure we will use the fact that any
linear positive normal map from F(τ) into B which is square-preserving on
self-adjoint elements can be extended to a normal Jordan ∗-homomorphism
from A into B (see [12, Theorem 4.5]). It follows from the positivity and
surjectivity of U that U is normal (see [13, Lemma 3.1]) and therefore we
need to show that U is square-preserving on self-adjoint elements in F(τ) in
order to show that U can be extended to a Jordan ∗-homomorphism from A
into B. To achieve this we will use a characterization of the extreme points
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of the unit ball of L1 ∩ L∞(A) to show that U is projection disjointness
preserving and maps projections with finite trace onto projections.
Proposition 5.1. Suppose (A, τ) is a non-atomic semi-finite von Neumann
algebra and let E(0, τ(1)) = L1 ∩ L∞(0, τ(1)). Then x is an extreme point
of BE(A) if and only if x = v for some partial isometry v ∈ A with τ(|v|) =
min {1, τ(1)}.
Proof. Suppose x is an extreme point of BE(τ). By Theorem 2.5, µx is an
extreme point of BE(0,τ(1)) and hence, by [22, Corollary 1], µx = |µx| = χA
for some A ⊆ (0, τ(1)) with µ(A) = α = min {1, τ(1)}. Since µx is decreasing,
χA = χ(0,α) a.e. It follows that |x| = p for some projection p ∈ P(A) with
τ(p) = α (see Lemma 2.8). By Lemma 2.7 there exists a unitary operator u ∈
A such that x = u|x| = up. It is easily checked that up is a partial isometry
(with initial projection p) and hence τ(|up|) = τ(p) = α. Conversely, suppose
x = v for some partial isometry v ∈ A with τ(|v|) = α. Then µx = χ(0,α)
and therefore µx is an extreme point of BE(0,τ(1)), by [22, Corollary 1]. By
Theorem 2.5, x is an extreme point of BE(A), since µx(∞) = 0. 
Lemma 5.2. If p ∈ P(A)f , then U(p) ∈ P(B). Furthermore, if p, q ∈ P(A)f
with pq = 0, then U(p)U(q) = 0.
Proof. We start by showing that if p ∈ P(A)f with τ(p) = 1, then U(p) is a
projection with ν(U(p)) = 1. By Proposition 5.1, p is an extreme point of the
unit ball of L1 ∩L∞(A). Since U is a surjective isometry, we have that U(p)
is an extreme point of the unit ball of L1 ∩ L∞(B) and hence U(p) = vp for
some partial isometry vp ∈ B with ν(|vp|) = 1, by Proposition 5.1. Using the
positivity of U we have that U(p) = vp = |vp| is a projection and ν(U(p)) = 1.
Next, we show that U(p)U(q) = 0 if p, q ∈ P(A)f with pq = 0 and
τ(p) = 1 = τ(q). It is easily checked that |p− q| = |p+ q|. Since
∥∥|y|∥∥
1∩∞
=∥∥y∥∥
1∩∞
for every y ∈ L1 ∩ L∞(A), it follows that∥∥p− q∥∥
1∩∞
=
∥∥p+ q∥∥
1∩∞
= max
{∥∥p+ q∥∥
1
,
∥∥p+ q∥∥
∞
}
= 2.
Furthermore, U is isometric and so
∥∥U(p)− U(q)∥∥
1∩∞
= 2. Since U(p) and
U(q) are projections, we have that −1 ≤ U(p) − U(q) ≤ 1 and −U(q) ≤
U(p) − U(q) ≤ U(p). Therefore
∥∥U(p)− U(q)∥∥
∞
≤
∥∥1∥∥
∞
= 1 (see [27,
Proposition 4.2.8]) and
∥∥U(p)− U(q)∥∥
1
≤
∥∥U(p) + U(q)∥∥
1
(see [2, Corollary
4]). Therefore
2 = max
{∥∥U(p)− U(q)∥∥
1
,
∥∥U(p)− U(q)∥∥
∞
}
=
∥∥U(p)− U(q)∥∥
1
≤
∥∥U(p) + U(q)∥∥
1
≤
∥∥U(p)∥∥
1
+
∥∥U(q)∥∥
1
= 2,
since U(p) and U(q) are projections with ν(U(p)) = 1 = ν(U(q)). It follows
that ∥∥U(p) + U(q)∥∥
1
+
∥∥U(p)− U(q)∥∥
1
= 2
(∥∥U(p)∥∥
1
+
∥∥U(q)∥∥
1
)
, (5.1)
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i.e. we have equality in Clarkson’s inequality. Application of [19, Theorem
11.4.3] yields U(p)U(q) = 0.
Next, suppose p, q ∈ P(A)f with pq = 0 and 0 < τ(p), τ(q) < 1. Since
(A, τ) is non-atomic and τ(1) > 1, it is easily checked (see [11, Proposition
B.1.27]) that there exist p1, q1 ∈ P(A)f such that p + p1, q + q1 ∈ P(A)f ,
τ(p + p1) = 1 = τ(q + q1) and (p + p1)(q + q1) = 0. It follows by what has
been shown already that U(p+ p1) and U(q+ q1) are orthogonal projections.
Furthermore, since U is positive we have that 0 ≤ U(p) ≤ U(p + p1) and
therefore s(U(p)) ≤ s(U(p+ p1)) = U(p+ p1). Similarly, r(U(q)) ≤ U(q+ q1)
and thus U(p)U(p+p1)U(q+ q1)U(q) = U(p)U(q). However, U(p+p1)U(q+
q1) = 0 and so U(p)U(q) = 0. Since pp1 = 0 and 0 < τ(p), τ(q) < 1, we
therefore also have that U(p)U(p1) = 0. It is then easily checked (see [11,
Proposition B.1.32], for example) that s(U(p))s(U(p1)) = 0 and
s(U(p)) + s(U(p1)) = s(U(p) + U(p1)) = s(U(p+ p1)) = U(p+ p1) := e.
This implies that s(U(p)) ≤ e and so for η ∈ s(U(p))(H) we therefore have
that
η = eη = (U(p) + U(p1))η = U(p)η,
since U(p1)η = U(p1)s(U(p1))s(U(p))η = 0. It follows that U(p) is a projec-
tion and U(p) = s(U(p)).
Finally, for general p, q ∈ P(A)f with pq = 0, we note that since (A, τ)
is non-atomic, we can find (pi)
k
i=1, (qj)
n
j=1 ⊆ P(A)f such that
k∑
i=1
pi = p and
n∑
j=1
qj = q, pipj = 0 = qiqj if i 6= j and τ(pi), τ(qj) < 1 for all i, j. Since
pi ≤ p for each i and qj ≤ q for each j, we have that piqj = 0 for all i, j.
Therefore U(pi)U(qj) = 0 for all i, j and so
U(p)U(q) =
k∑
i=1
U(pi)
n∑
j=1
U(qj) =
k∑
i=1
n∑
j=1
U(pi)U(qj) = 0.
Furthermore, by what has been shown already, we have that U(pi) is a pro-
jection for each i and these projections are mutually orthogonal. It follows
that U(p) =
k∑
i=1
U(pi) is a sum of mutually orthogonal projections and is
therefore a projection (see [9, Exercise 2.3.4]). 
Corollary 5.3. If x ∈ F(τ)sa, then U(x2) = U(x)2.
Proof. If p ∈ P(A)f , then U(p
2) = U(p) = U(p)2, since U(p) is a projection
for every p ∈ P(A)f . If x ∈ G
sa
f (i.e. x =
n∑
1=i
αipi with αi ∈ R, pi ∈ P(A)f
for each i and pipj = 0 if i 6= j), then x
2 =
n∑
1=i
α2i pi and therefore U(x
2) =
n∑
1=i
α2iU(pi) =
(
n∑
1=i
αiU(pi)
)2
= U(x)2, using Lemma 5.2.
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Suppose x ∈ F(τ)sa. It follows from the Spectral Theorem that there
exists (xn)
∞
n=1 ⊆ G
sa
f such that xn
A
→ x and s(xn) ≤ s(x) for all n ∈ N+.
We show that U(xn)
B
→ U(x). Note that xn
L1∩L∞
−→ x (see [13, Proposition
2.1]) and therefore U(xn)
L1∩L∞
−→ U(x). Furthermore,
∥∥U(x) − U(xn)∥∥B ≤∥∥U(xn)− U(x)∥∥L1∩L∞(ν) → 0 and so U(xn) B→ U(x) (and so also U(xn)2 B→
U(x)2). Similarly, U(x2n)
B
→ U(x2). However, U(x2n) = U(xn)
2 for every n
and so U(x2) = U(x)2. 
Equipped with these preliminary results we are now in a position to
characterize positive surjective isometries from L1∩L∞(A) onto L1∩L∞(B).
Theorem 5.4. Suppose (A, τ) and (B, ν) are non-atomic semi-finite von Neu-
mann algebras with 2 < τ(1), ν(1) ≤ ∞. If U : L1 ∩ L∞(A) → L1 ∩ L∞(B)
is a positive surjective isometry, then U is the restriction to L1 ∩ L∞(A) of
a trace-preserving Jordan ∗-isomorphism from A onto B. Conversely, if U is
a trace-preserving Jordan ∗-isomorphism from A onto B, then U is positive
and maps L1 ∩ L∞(A) isometrically onto L1 ∩ L∞(B).
Proof. Suppose U is a positive surjective isometry from L1 ∩ L∞(A) onto
L1 ∩ L∞(B). Since U ↾F(τ) is linear, positive, normal (see [13, Lemma 3.1])
and square-preserving on self-adjoint elements (see Corollary 5.3) it has a
unique extension to a normal Jordan ∗-homomorphism Φ from A into B,
by [12, Theorem 4.5]. By [12, Remark 4.6] the injectivity of U implies that∥∥Φ(x)∥∥
B
=
∥∥x∥∥
A
for all x ∈ Asa. If we can show that τ(p) = ν(U(p)) for every
p ∈ P(A)f , then it will follow from Lemma 2.4 that Φ is trace-preserving.
Suppose p ∈ P(A)f with τ(p) > 1. Then
τ(p) =
∥∥p∥∥
1
=
∥∥p∥∥
1∩∞
=
∥∥U(p)∥∥
1∩∞
=
∥∥U(p)∥∥
1
= ν(U(p)),
since
∥∥p∥∥
∞
= 1 <
∥∥p∥∥
1
and
∥∥U(p)∥∥
∞
= 1 <
∥∥U(p)∥∥
1∩∞
. Next, suppose
p ∈ P(A)f with τ(p) ≤ 1. Since (A, τ) is non-atomic with τ(1) > 2, there
exists p1 ∈ P(A) with p1 ≤ p
⊥ and 1 < τ(p1) <∞. By what has been shown
already, we have that
ν(U(p)) = ν(U(p+ p1))− ν(U(p1)) = τ(p + p1)− τ(p1) = τ(p)
It follows by Lemma 2.4 that Φ is trace-preserving.
If we can show that Φ is unital and Φ(p)BΦ(p) ⊆ Φ(A) for every p ∈
P(A)f , then it will follow from [12, Proposition 6.2] that Φ is a Jordan
∗-isomorphism from A onto B. Since (B, ν) is semi-finite, there exists an
increasing net {qλ}λ∈Λ ⊆ P(B)
f such that qλ ↑ 1. Furthermore, P(B)
f ⊆
L1∩L∞(ν) and so U−1(qλ) is defined for each λ. Since U
−1 is a positive (see
[13, Lemma 3.1]) surjective isometry, {U−1(qλ)}λ∈Λ is an increasing net of
projections, by applying Lemma 5.2 to U−1. It follows that pλ := U
−1(qλ) ↑ p
for some p ∈ P(A). Furthermore, Φ is normal and so Φ(pλ) ↑ Φ(p), but
Φ(pλ) = U(U
−1(qλ)) = qλ ↑ 1
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and so Φ(p) = 1. Since p ≤ 1, we have that Φ(p) ≤ Φ(1). Since Φ maps
projections onto projections (see [28, Exercise 10.5.22(5)]), we have that
Φ(1) ≤ 1 = Φ(p). It follows that Φ(1) = Φ(p) = 1. Next, suppose p ∈ P(A)f .
Then Φ(p) ∈ P(B)f , since Φ is trace-preserving. It follows that
Φ(p)BΦ(p) ⊆ F(ν) ⊆ L1 ∩ L∞(ν) = U(L1 ∩ L∞(τ)) ⊆ Φ(A).
Conversely, suppose U is a trace-preserving Jordan ∗-isomorphism from
A onto B. The sufficiency part of Yeadon’s Theorem ([35, Theorem 2]) shows
that if we have a continuous linear map V from Lp(A) into Lp(B) (1 ≤ p <∞,
p 6= 2), which has a particular structure, then it is an isometry. The method
employed in the proof of Yeadon’s Theorem can be adapted slightly to show
that if Φ is a Jordan ∗-isomorphism of A onto a WOT-closed ∗-subalgebra
of B, w is a partial isometry in B, and b is a positive operator affiliated with
B, such that w∗w = s(b), every spectral projection of b commutes with Φ(x)
for all x ∈ A and τ(x) = ν(bpΦ(x)) for all x ∈ A+, then defining a map
V (x) = wbΦ(x) for all x ∈ Lp(A) ∩ A (5.2)
yields a linear isometry from Lp(A)∩A into Lp(B). Since Lp(A)∩A is dense
in Lp(A), V has a unique linear extension to an isometry from Lp(A) into
Lp(B). In other words, we do not need the prior existence of a continuous
linear map V : Lp(A)→ Lp(B) in order to show that (5.2) yields an isometry.
In particular, since U is a trace-preserving Jordan ∗-isomorphism from A
onto B, we obtain
∥∥U(x)∥∥
1
=
∥∥x∥∥
1
for all x ∈ A ∩ L1(A), using w = 1 = b.
Furthermore, U is an L∞-isometry and so for x ∈ L1 ∩ L∞(A) we have∥∥U(x)∥∥
1∩∞
= max{
∥∥U(x)∥∥
1
,
∥∥U(x)∥∥
∞
} = max{
∥∥x∥∥
1
,
∥∥x∥∥
∞
} =
∥∥x∥∥
1∩∞
.

Remark 5.5. We make a few brief comments regarding the assumption 2 <
τ(1), ν(1) ≤ ∞. Note that if τ(1A) < ∞, then L
1 ∩ L∞(A) = A. If, in
addition, τ(1A) ≤ 1, then for any x ∈ L
1∩L∞(A) = A, we have that
∥∥x∥∥
1
=∥∥x1∥∥
1
≤
∥∥x∥∥
∞
τ(1) ≤
∥∥x∥∥
∞
and therefore
∥∥x∥∥
1∩∞
= max{
∥∥x∥∥
1
,
∥∥x∥∥
∞
} =∥∥x∥∥
∞
. Consequently, if τ(1A), ν(1B) ≤ 1, then surjective isometries from
L1 ∩ L∞(A) onto L1 ∩ L∞(A) are described by Kadison’s Theorem ([26,
Theorem 7]). To show that U is projection disjointness preserving in the
proof of Lemma 5.2 we use a technique which relies on being able to use
two orthogonal projections p and q for which we know the precise values of∥∥U(p)∥∥
1
and
∥∥U(q)∥∥
1
in order to obtain equality in Clarkson’s inequality
(see (5.1)). For τ(p) = 1 = τ(q) we have access to the characterization of the
extreme points of the unit ball, but not otherwise. For this reason we have
assumed that τ(1A) ≥ τ(p+ q) ≥ 2. This also plays a role in showing that U
maps projections to projections and since we later apply this to U−1, we also
assume that ν(1B) ≥ 2. Furthermore, in the proof of Theorem 5.4 we have
used the assumption that τ(1A) > 1 to show that U is trace preserving. It
is therefore an open problem to describe positive surjective isometries from
L1 ∩ L∞(A) onto L1 ∩ L∞(B) if 1 < τ(1A) ≤ 2 or 1 < ν(1B) ≤ 2.
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Remark 5.6. The structure of a positive surjective isometry U : L1∩L∞(A)→
L1∩L∞(B) can also be described using a slightly different approach. Having
shown that such an isometry is projection disjointness preserving, it follows
from [24, Theorem 3.6] (see also [13, Remark 4.12]) that there exist a positive
operator b affiliated with B and a normal Jordan ∗-monomorphism J from
A onto a weakly closed ∗-subalgebra of B such that U(x) = bJ(x) for every
x ∈ L1 ∩ L∞(A). Alternatively, it is also possible to show that U is finite-
ness preserving (using the non-atomicity of A, the positivity of U and the fact
that ν(s(U(p)) = ν(U(p)) = 1 for every projection p ∈ P(A)f with τ(p) = 1),
which enables application of [13, Theorem 4.11] to show that there exist a
positive operator a ∈ S(B, ν) and a Jordan ∗-isomorphism Φ from A onto B
such that U(x) = aΦ(x) for every x ∈ L1 ∩ L∞(A). In both cases it would
then be possible to refine this representation by showing that the positive
operator is in fact the identity (by using the fact that U(p) is a projection for
each p ∈ P(A)f to modify the construction of the positive operators used in
the representations of U) and in the former case, the surjectivity of J could
also be shown.
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